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Beoinabing o Cwanlative Dlslrivetlion Function

1. Sumary. Some invarlant procedures, wbich are essentitlly siep functions,
are concidered ss estimators of the cumulative distribution funetion of a uni-
varizte random variable on which & finite fixed number of ohserviiions are
given, for wvarious loss functions. Two principsl classes of loss functions sre
conzidered ond it is shown tnat for s speclal loss function in one class the op-
timum procedure is the usual asample rommletive function,

2. Introduction. Supoose that a sample X1» Xz,. : )&n of a cne-dimensional
chance variable X is given. In a recent psper, Birnbaum [1] hes discusaed
various techniques for deciding whether X has a comoletely specified continu-
ous cumulative distributinon function (c.d.f.), H(x)==P(X=<x). In this paper

iz discussed an allied problem, viz., that if F(x)=P(¥X<x) 1z the unknown con-

A
tinuous c¢.d.f. of X and if F(x) be an estimate of F(x) based on the sample
17+ Xp

A
Xl,X2,=. .Xn, what would be the best sstimate F when certain forms of the loss

function are given.

Consider the loss function
" o
. ' A, T
@ urd= [ pedeofe,
T

whers r is an integer 221. It is almost obvious that the only imvariant pro-
cedures for estimating F under the group of =211 cne-to-one monotcne transforma-
tions of the real numbers onto *hemselves which leave the sample values

X; (1=1,2,...n) davariant ere those vnich estimate F(x) by a step functicn
{2) §(X)=constant, say ¢ for X(j)s x<X(j"1)

where x(1<x(?) . <X(n) are the ordered observations and X(©) ana x(n+l)

denote —eoend 4@ respectively.
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vhere X14:X2<: ----&LX, is #n ordered wimple of size n froa tuis reclenculer

distribution over (0,1),Xy and xn*l denote O and 1 respectively, ~nd the symbol

E denotes that the expectation is taken with respect o the rectanrul~r distri-

bution ovver (0,1). In the rest of this paper, we shall use consisten

tly

the

letter E to denote the fact that the expectation is to be teken with respect to

the rectangular dietribution over (0,1).

The same argument applies when the loss function is of the form

o, A r
5 unb= [ Hebwlto o

-j F(x){i~?(x)

0



A
and in this case by taring ¥ &s in {(2) we obtsin

vhere XJ’ J=0,3,...04l are the rame ac in (4).

It 1s obvious that since risk R ie constant, e minimax procedure will be
to choose c{;j=0,l. ..n, such that R 13 minimum. We consider in this peper the
values of ey vhen the loss function is of the form (1) for all intsgers r Z1

=] and when r is

and when the loss function is of the forn (5) for r,an even integer 2. The

case vhen r is odd in (5) seems to be rather complicated.

) e
3. The 2loss function L(F‘,?): | E“(x) = ’I}(_x)_-"z dr(x)

e

3l 5
f (x - cj)"d.x

In this cace

(7)
3 2 .
=1/3 2 EEX&I'L) - 303\ 11 X?) 13c; (xj-',l‘“xj)]

Since the distribution of ithe j-tk order stutistic Xj in 2 sample of si:ze

n from the rectangular distribution over (0,1) is a Beta distritution with prob-

ebility density

(8) pl¥)= TR

yi-t (1-y)2-d , 0SyS1 ,

it is oasily sesn that for any positive integer r,

’ 30341, .. (Jir-1)
©) BOR = ar1) (mr2)-—(atr)
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(10)  E(XT,, 0y = EUAGRR) .. (Jen-l) gy
L [nd1) ne2). L (ngr)
L ferr 1.
It will be ureful to renark that (10) holds for a1l j; j=0C, 1,...,n

Subatituting in R we obtein after some simplification,

n . n
R=1/3 « —2 __ fl)e: +—— N 0.2
(n1)(n42) Z:— (34 )CJ i Ml Ll
J=0 J=0
(11)
=1 1 &=, _ il
6(ns2) a4l 35:6 (cJ n+2)

We see thus thet R ig minimized by choosing

e 3]
{12) T w2 3 3= 0L..a

and hence the minimax invariant procedurc is o estimate F(x) by

(13)  fx)= it

X, 8 x <X,
ny2 d

j41 2 J=0,1,...,n,

where (X',XJ,,L,XN) ig the ordered sample and Yo &nd Xn+‘ stand for -go and

respectively.
The minimunm risk corresponding to thie procedure is seen to be 1/6(ns2).
It is of some interest to note that the risk corresponding to

the usur’. pro-
cedure of taking cjz:j/n 1s given by 1/6n.

(-2
N X .
4. The loss function L(F,F)==‘1’ aF(x) = ﬁ(x)}d?(x}.

o OO

For this case
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) 'Xj—%l
Ej - ?JX;“ IX—Cj!dX
J

(15)

AE [-(X-Hl = cj)

¥ s —cjg -(Xj-cj)ixj-cj’J'

pas c

2 J 2
(1¢) E[SXJ—cJ)} Xj—cjﬂr_-’ (:r--cj)_ 2(y)dy —[ (y-c3) »(y)dy

Cj ~0
vhere p(y) 1s given by (8), and sinilarly we can yet E[(Xj#l ),ij JJ :
Substituting in {15) we easily obtain
.8, fl 2 i
g_f:’-% {30 | (n-)) (y—cj)‘y (1 n -1 ay

°3

(o]

J

i (n-J)[ (r-c)® ¥ (1) ey
e

17) " ,
"-{ (y=cy) !

=

This eventually leads to

n- J1k#2
(18) gj = (?) B(J#2,n-341) - ¢yB(ji,n-341) + 2§'f (-1)%(n-d) o ]

o KT (34k42) (J9k41)
for j=0,1,2,..
: ‘IL - & _
Since R= 3:5 T and from (15) we see that for each j,&j is positive and

lepends only on }; it is obvious that, to minimize R, it is necessary and suffi

3 L A=

Cloit to minimize each ﬁi‘ separutely. We have

v
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6
28. o 4L -
) -'A—-;L:—“ 2 {I.1 o5t + V"l (r i
(19) ac‘j = LfB -J ." JT"') 4 ﬁ— ( l) J) "’6-1 ‘-‘,
=2 ( ) jfj(l-z’.‘)j_‘] 12~ 30(j41,n-j41)
o
and
5’ . y
({20 _j_ n Jo1_a )3l .
{20) 7. 2= 23 o (1-cy)
°s
.96 :
Setting 5o ==0C and solving we obtain cj as the median of the Beta distribution
J
with density
21 F J n-J
(1) g®= n(-wn_31)’5(l‘a , 0 1,
. FEAW R 2N 220
for j=0, 1,2,...,n.
&?F
Since (20) shows that ——-5,70 for O <‘~;] <1, it follows that this solution for
‘i

cy in fact minimizes éa for jG,1,...,n, and herce minimizes K. The minimex in-

varisnt procedure is thus ty estimste F(x) by

Flx)= ¢ ; X =x<X
J J 341

J=0, 1,..

where (XI’XZ""’XQ) 18 the ordered sample, XO and Xn 1 stend for - oo and o

respectively, and ey '5=0,1,...,n) is the medisn of the Beta distribution with

density (21). An alternative way of obtaiaing this result is given in section 9.

¥t is rather interesiing to mote that for the less function discussed in the last
Section, cy vas obtained as tae rean of the sana Pata distributiocn.

The actual ecomputation of ihe values of cy {j=90,1,...n) can be easily

carried out; for a given u, with the heip of the tabies of the imcomplete Reta-

- - y
funetion f 3 1. In the notatlon i the tzblase
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Y x o4 (l—x)q"ldx
40

x0T -1

S xP~L(1-x)"1dx
0

Thus we have to find the value of x such thst
(23) I, (J+1,n-j31)= ;

Using th2 relation

(2) T, (0,0) = 1-1,

o (er) )
=R
it is seen that

(25) e, 1= l-c.

and thus only ahout half tne total pumbter of ~ velues Lave to te nciunlly of
tained “ron the tahles The values of ¢: (j= 0,1, .. ,n) for n== 1,2, A2
to two ‘decinal laces nave twen com utod sod Labulc (ad helow,
[uble 1
Values of cj (i=0,1,...,n)

for n=1,2,....12

] ! ;
;\Q{. o |°1 | %2 | °3 | - | % [ %% | %8 1%9 ["a0 S ] *ie
1 |.29].m

2 .| .50 .7

3 |.16] .39 | .61} .84

4 .13y .31 | .50] .69} .87

5 1.11! .26 1 421 .58 74| .89

6 |.091 231 | 50l Aul 78 9

7 |.08] .20 .32] .44 .56 .68] .80| .92

8 071 .18 | .28] .39| .50 .61} .72| .82 .93

9 |.07| .26 ] .26] .35] .45 .55 .65|.74).84 }.93

10 |.06) .15 .23f .32] .41} .50{ .59 .68 |.77 | .85 .94

1 1.oe] 14| .22f .30f .38 .46] .54 .62 .70 .78 .86 .94

12 §.05( .131 .20| .27} .35 | .42| .50}.58 {.65 |.73 |.80 .87 |.95




@

5. The lo<c function L(L,L)=J( E‘(x) - g‘(X)_" 2/¥(x) EI-F(_X).J ar(x).

T

For this loss function, as mentioned hefore, we pet

= I S
R=E i __l_ &
=0 Xil-x)
X
3
4 (:»c--co)2 n-
2% =¥ = ax B (X o= _
(=) f x{1-x) =1 j’( 341 Xj) t ¢y (1°€X Jl log)(j)
o 3 L
S d o )2
.,(l‘-cj)2 {log (1-Z5,1) - log (1-Xy) ! E it A
_J x(1-x)

£

For finite risk the integrals in the first and the last temms of the abtove
expression must be finite. The necessary and sufficlient condition for this is
that ¢y =0 and ¢, =1, Our set c5 (j =0,1,...,n) must then be such that
¢g= 0 and ¢, = n.

With the convention that 0 x oo =0, we cén, therefore, write (26) 1in the

form

24 2 s
127) Ll: 1% ) ¢, “{log X, ,-loz x;;)_(l'cj) éog(l—xjil)-loa(i—xjg

I+l J JF

t_a

The probability density of X 3 is given by (8), from which we obtain

1
¢ ; \ i1 \E—j
{28) E(log Xj) =] (?)J 7 7 (-3 log y dy

and
1

(29} oz (1-X,) = § ‘ )( A 0™ 10 vy
0

Ia order to evaluate (28) and (29) we make use of the following lemmss:



<

Lemma 5.2

o, . . : ‘ :
(30) 3 ;,fa"l (1-y)%9 Jog v dyt:F(';_)I’Z(n;')”l) L\{I(j)_}i’(nfl‘)'}where A= (k) /nk) .
o -

1
Proof. Let ()= ,f -1 (1-y)2-J dy. The left nand side of (30) iz £1(e¢)
J0

evaluated at A= ] as can be seer. by differentiating under the intesral sign.
But f(A) = ['(A) [(n-j41) /U + n-j#1), and the desired result is ob-
tained by evaluating the logaritimic derivative of f£(X) at X =j.

Lemme 5.2:

1 3 . : -~ T
(31) f 732 (15)8- 1cq (3‘-y>dy:ﬂfi_,ﬂﬂ=ﬁll [#ie38) - ¢ (i)

& (n41)

vhers ‘,b(k) = (k)7 (k).
Proof. Exectly ss in Lemma 51, or easily obitained from it by & change of varisbles.

Utiliziig Lemmas 5.1 anc. 5.:, we obtain
(32)  E(leg X3 = PG -¥lal]
and

(33) Elog (1--xj)= Plo-3i1) - P(aid),
where Y/(k) = v (K)./f1(k)-

Furtber, since [ (k1) = k[Yk) , P (kel)= Mk) + k(%) ,
we ree that ¥i{k:l) = pr(kid)/ M ked) = 17k ¢ P(k),
and hence the function y’J satiefies the difference ecuation
(34) Pkil) - P(k) = 1/,
From (22), (33) end (34) we get

g ¥4 - log XJ_)#- 1/3 s for } ﬂ# e

-~
ot
=

[0r (1-x 4 - e {1.4{{)}:: A/(ne) , for §in,

[N o



Suhatit tic from (10), (35}, and (%) ‘n (27) we ohtain at once

2 Bl 2 2@. 1 Bzl 1o
(37) R=-rio p BT Al p b o fp ld ) 0 ) et S o — 2)<
- nlogl, E ‘j(ml " ¥ I c.} + n-j lJ n +j¢-—= - Jin=} S(c;j n)

It is seen from {37) that R is minimized by choosing

(38) = i/n for j=1,2,...,.n-1).

Since ¢g+= O and cp=> 1, this exporessien for cj holds good also for j =0,

A
and j= a. Tnas the minimax invariant estimete F for the loss funetion in this

Sectieon turn: vut to be the usual sample cumuletive function

A
(39) F(x) == cj-'-j/n, vhen X, < x< XJH s j=0,1,...,n,

3

vhere X1 < X, < .... <X is an ordered sample from the c.d . F, X, and Xpel
standing for -c¢oand yoo respeclively. The actual value of the risk corres-

ponding to this astimate is 1/n.

a
6. The loss function L(F,’[!‘)SJ Ii?(x) = %(x)l /F(X)E-F(xﬂ dr(x).
-0

In this casas we ohtain

3
vwhere R, -
1 g-‘-‘— \" = /x(1- 1
(41) 3 | !x cji.x(l x) do
JX_.

3
As in the larst Seetion, it will be seen tiant for finite risk the necessory

and sufficient condition ia that ¢.= 0 and cn'-'-l. For j=;~‘=0, n, we ohtain

0



log e,-log %, | - I WP, Ty S
A B ,]’ B4 298 Tyesig i ‘}(1-0).) .Log-(.L-cJ)—log(I}

() E=u [c.
9 J

' '
~{1-c. log/l-c.) - (1=
( cJ) l og(l J) log(l Xj)”.

The distribution of Xj has prohability density p(y) riven by (8) end ti:

Jstribution of Xj&l has the probhability density

1
3(341,n-3}

(43)  aly)= - ¥ (1) ogy <o

-

Using (8) and (43) we cen expre in the form

{44) §j= (?) (ojf,b(c-j;y) dy;()1 {f»(cJ,y) ﬁj—,

‘3

vher~

(45) <,ﬂ(cj,y)f- [c log cj+(1*c ')1og(1—cj) -c

J 3

jlog y-(1-c j)lofs(l—y):] yi-1Qa

Straightforvard integration lesds to
(46) fﬁ(cj,y)dy= yd(1-y)n-d Ej(log ej-log ¥) ¢ (1-c4)(log{1-c;)~log(1-,
]'-g(c_i-y)yj'l (1-y)2-d-1 @y 4 constant

~
which enables us to obtain% as

c 1
wn B =0 S: (et Gt a- | (eny ™
cj :
for j= 1,2,..., n-1.
Since go and 5; sre (ixed, and each g i ig positive and depends only’
to minimize R it is clearly necess .ry 2nd . ficlent to ninimize gj

J. Ve see that
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[
»
-
=
e
<
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=
a

for j= 0,1,2,...,n

Sabstituting from (10) in (52) we obtain

I c
o

£, = 1 29,1 .-z._(2==+1)( j28tl-k k(J41). ... (k-
37T % mfgé— ‘3 (n#1) . ... (ngk)

2s¢l :
-1 2 28-}1—k (je1 -1
=L ‘cs*z(l)‘ Wi Uel)

(u+l) . (n4k)

For conclseness we introduce the following notaticn somewniat similar to the bi-
uomial and distinguished from it by an asterisk:
! a‘&'l q -k k 541
(54) (t-53) = t9 g__ (-1)* L
i=l
for fixed real a and b and a positive integer q.

It is easily verified that for any positive integer r,

ey S ail g%
(55) Y t - i1 )" =g (g-1)....(q-r}l) (t- =X=
= 0 when r>uy.
Using this notaiion we can write

(56} gj > J—%)zs*

We have to choose cj so as to minimize R. Obvicusly minimizing R is eqguiv-
alent to minimizing 53 separately for each j. We obtain

'aé - 28 J41 (22-1)+
(57) ==t=%5% (cy = m2) , and

o€,  2a(28-1) )it
(58) == Tt (o i (2020

X
31
( (x-cj)zs dx>>0, it is clear that




L4

a :3 g " . 4 Dda
2 3o 2 = 221} F (x-c.) " Rax 0.
(& )

ak
wio.
Let f(c¢ )"'--—----1 . I¢ is easily seen that £(0) 1s negative and f{1) is positive,

and since f'(c )>>0 for &ll real ¢

u

cj . Hence f(e¢ )=0O for one ani only one real velue of ¢  , ani this ¢
J

n f(cj) is a strictly increasing function of
J

neces—

sarily lieﬂ between O and 1. Thns we find tnaté% ,and henece R, is minimized by

settinp‘a—i =0 anrd solving for cj the resulting eyuation

{60 o, - daly(T-10%

(60) (oj niZ) 0

This equation has one and only one real root which lies between O and 1. The min-
imax imvariant procedure for the loss functicn of this Section is thus to estimatie

F{x) by

Fx) = . . <
F(x) = &3 5 Xj = X<xj-i-l

j=0,1,...n

’

vhere Xj 3 J=0, 1,..., ntl, have been defined earlier and cj is the 1eal root of

(60). It can further be seen from (60) that the equation remsins unchanged if we

replace § by n-) and cj by l~ci. Hence cn j:s l—cj, and we see that in practice

the number of equations to be solved is about half the sample size.

It may be roticed that for r=2, the ecuation (60} reducecz to a l.near

Coo

(62) (cg - 1=

P

vhich has the unicgue solution c¢;= iLLf as obtained earlier in {(12).
¥ D

N

Wing.
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8. The loss function L{F,F)= j [w) rUﬂ /B x)[—F\y)JdF(x) where T is any

positive even integer.

Let r=2s, then

X +2S
n J+1 (x—cj) 6L
(62) R=E ( — dx = E ’
%) | ) 25 8
X,
d
vhere
ij 1 (x-¢ )25
(63) g=e| T .
J x{1-x)
J

Since Xg=0 and X 1.-_-..1, it is clear that in order to obtain finite risk it
necessary and sufficient that co"'O and ep=1.

g -s f g2 L

For j?“o, n, ve can write

28
hfl a1~ %) ¥ ey (Qog X, - lop )
(64)
1_ . %48 = T v v 12
-1 cj§ ﬁ.o(, (1 inl) - log (J.—Xj)j:"

vhere

2s-2-h
(65) &= - > ( )( c) ; h=0,1,2,..., (2s-2).

i=0

Substitutirg from (10), (35) and (36), we get

(66) g_ g=2 (j+h)!n! ]
hao (n+h41) 458

23 .

1 T
T3 Tag Oy

and substituting from (65), we can write

ot &2 gy D 1+1,2 412 1 2
(07) & =3 ) =t S () H) i a0 R
i e it E R
Tnaiw 3~ . Zsth degvse polynomisl in cj, Collecting the ccefficiw.:i g (f 1ike

povers of cj we obLtaln




2s-2
(68) g - _n 2s _ _2s ©2s-1 > k
B S ¥ mar e T oy T oL—ad
& 7 & J k_‘o o

where
T, 2sz2:k G 'ff
; Jk41 2g. 10! ; d¢n)! .
(69 = (-1)"" 49+ ¥ B

for k=0,1,2,..., 2s-2.

Tc simplify (68) further, we stete and prove the fllewing lemma:

Lemma 8.1. If j end n are positive intecers and j<(n, then

! -1 .
ne - e |
Jb =y {nth4l)?! n-j oh=1 n#& |

Proof. The left hend side

J o
1
==(§) (d-xd*41 ) (1) B-3-Tgy
4]

=+the right hand side, after simplification.

Substituting in (69) from the lemms when g 2s-2-k, we obtain

25-1-k
F4 k l 23 14
70 g, = (1) () ﬂ -;';E-g for k=0, 1, 2,..., 2s-2,
v 0(‘=1

and substituting now in (68) we obtain



i 25-1 29-1-k .,
o . _.&a j 2 Qg PO St S n ’ . Dg*
71 By = sy e 2 (D) (e T = e, —4)?8
37 3(n-3) IEE e = y ,_nS‘_—;o 2+ |7 3(n-3) k J o’

in the notation introduced in {54).

Now with the same reasoning as in the last section it will be seen that 5 3
9&;
J

and hence R ie minimized by setting 50—:0 and solving for c F the resulting e-
J

quation

(72) (e, - 3/ny (T-1%

=0,

This equetion hes one and only one real x;oot whicii lies hetween O and 1. Since
for j=0, (72) reduces to cG!'-l:o giving ¢, =0 a5 the only real root; and for
j=n, it reduces to (cn—l)x‘."]’= 0, giving ¢ =1 as the ouly real root , it
follows that we can say that the mirpimex invariant proceedure for tne loss func-

tion of this Section is to estimate F(x) by

(x)m e 3 X, S x<X,
J J Jt
=0, 1,..., n,

vhere Xj 3 J=0, 1,..., n{l have been defined earlier and 2y is the real root of

(72). Again the nucmber of equations to be solved in practice will be about half

the sample size since ii can be easily =een that (72) remains uvachasnged by re-
- o = l.C.

placing j by u-] and cy by 1 cj 5 8O that Cn-j ey

For r==2, the eguations (72) reduces to cj - j/n=0 giving cj-.-:j/'n for 211 j.

-

Q
s

o0
A A
Te loss function L(F,F)= ( !F(X)-F(X)}rdF(x)_. where r is any positive integer.

In this case
)
(73) R=F ix—c‘_, I* 4x=3- &
=0 X d§ = J
3

whare




Eea e w'_m - A 'r /- v r
i) g:}‘ i “1“3’-?1 4% o5 - ‘\-’d"%’l)‘r"ij} :
Yaine (8) we obtain
1 . .
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Again it is obvious that to minimize R is equivalent to minimizing % for

each j. Further we see that the conditions for differentiatiom with respect to

c_1 under the integral sign in (77) are satisfied, and we cbtain
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Using (84) and (85) we can, thus, write the scuation (8l) as
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This ecuation is to be solvad for Cs to ret & minlmax invariant srocedure for
estimating F when the loss function is givea by (1). VWhen r is even, the factor
1-(-1)¥ =0 and vwe get an equation of deyree (r-1). Uranm » 12 odd, the factor
1-(-1)¥ =2 and the equation reduces to

n-J
(89) Z(—n Cimtr, gren)e M gatin, ngn)tey- STV
which is an equation of degree (nir). In either case there is one aand only one
real root which lies between O and 1 and the sct of such roots for j=0, 1,...,n
minimizes R.

An alternative way of expreasing the Tight hand side of (81) is to rewrite
(87) in the following form:
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From this form, it is easily seen thst for r=1, the e uatiosn reduces to

(92) B(J+1, n-j+1) =‘$2(cjzj(l—-9n-j dZ

which shovsz that °y ig the median of the Beta distribution with density

1

)=
B 5T, o)

2327 | osz<)

fer J=0, 1,..., n,

ag cbtained earlier in Section 4.

I would like to ackiowledre some very helpful discussions with ‘’rofessors

7. Y. Birmbaum and iI. Rubin durine the preparation of this rajer.
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